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ABSTRACT: In this paper we use the polymer adsorption theory of Scheutjens and Fleer to describe polymer 
brushes at spherical and cylindrical surfaces that are immersed in a low molecular weight solvent. We analyze 
the volume fraction profiles of such brushes, focusing our attention on spherical brushes in athermal solvents. 
These are shown to generally consist of two parts: a power law-like part and a part that is consistent with 
a parabolic potential energy profile of the polymer segments. Depending on the curvature of the surface, 
one of these two parts is more important, or may even dominate completely. We especially consider the 
distribution of the free end segments and the possible existence of a "dead zone" for these segments. Such 
a dead zone is actually found and is seen to follow a scaling law in the case of large curvatures. Furthermore, 
the effect of diminishing the solvent quality is considered for both the total volume fraction profile and the 
distribution of the end segments. 

1. Introduction 
Over the past years much effort has been put into the 

theoretical description of so-called polymer brushes: 
systems in which polymer chains are end-attached to an 
interface. Scaling analyses,lt2 self-consistent field (SCF) 

and Monte Carl0~9~-~ and molecular dynamics 
simulationslO have been developed for and applied to these 
systems. Originally, they were used to describe polymer 
brushes at flat interfaces, but recently several papers have 
appeared whose aim it is to describe curved interfaces."-'3 
Especially in the m e  of an analytical SCF theory it is a 
challenging and certainly not a trivial step to extend models 
for flat systems to a curved geometry. The relevance of 
this extension is, however, self-evident. Polymer brushes 
can be seen as a model for adsorbed diblock copolymer 
layers which are able to stabilize colloidal dispersions. 
Generally, the surface of colloidal particles is not flat, but 
may easily have a radius of curvature that is comparable 
to the thickness of the adsorbed polymeric layer. A model 
based on polymers grafted to a convex interface can ale0 
be used to study solutions and melts of block copolymers 
under the conditions in which microphases are formed. 
Star-shaped polymers can be studied by using their 
similarity to linear chains that are grafted onto a small 
spherical particle. 

The conceptually most simple model of a polymer brush 
is the scaling picture due to Alexander and de Gennes,lP2 
which assumes a step-like concentration profile with all 
chain ends situated on the outer side of the polymer layer. 
Using straightforward geometrical arguments, this model 
was later extended by Daoud and Cotton to spherical 
interfaced4 and by Birshtein et al. to cylindrical inter- 
f a c e ~ . ~ ~ , ' ~  For such curved interfaces, the volume fraction 
profile becomes dependent on the distance to the grafting 
surface: 

where 4 is the volume fraction, a is the grafting density, 
R is the radius of curvature of the grafting surface, z is the 
distance to the surface (so that r = R + z is the distance 
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to the center of the sphere or cylinder, see Figure l), and 
Y is the Flory exponent, which depends upon the solvent 
quality ( u  = 3/5 for a good solvent, Y = 1/2 for a @-solvent, 
and Y = 1/3 for a nonsolvent). The dimensionality d is 
determined by the geometry of the grafting surface: d = 
1 ,2 ,  and 3 for planar, cylindrical, and spherical surfaces, 
respectively. 

A more sophisticated approach to the structure of a 
grafted polymer layer (at a flat surface) using self- 
consistent field (SCF) arguments was given in the papers 
of Zhulina, Borisov, and Priamitsyn6J7 and of Milner, 
Witten, and C a t e ~ . ~ ~ ~  These are all based on an idea by 
Semenov18 that when a polymer chain is strongly stretched 
with respect to its Gaussian dimensions, it is possible to 
replace its set of conformations by an "average trajectory", 
thus significantly simplifying the description of the system. 
This concept was first used by Semenov to study super- 
structure formation in block copolymer melts. Later the 
SCF approach was generalized and it has been applied to 
grafted polymer layers immersed in both low molecular 
weight solvents5J7 as well as solutions and melts of mobile 
p01ymers.l~ Furthermore, nonequilibrium effects such as 
the deformational* and dynamica120 behavior of grafted 
layers were studied. These investigations have led to a 
different overall picture of the planar grafted polymer 
layer structure as compared to the scaling approach. The 
polymer concentration decreases monotonically on going 
away from the grafting surface, and free chain ends are 
distributed throughout the whole layer. The precise form 
of the total concentration profile as well as that of the 
chain end distribution function depend on parameters such 
as solvent quality and polydispersity. In this pioneering 
publication Sernenovl8 already showed that in cylindrical 
and spherical convex layers the free chain ends must be 
excluded from the vicinity of the grafting surface. Ball et 
al.ll were the first to extend this SCF approach in arigorous 
manner to chains grafted to a convex interface. They 
derived analytical solutions for the case of densely grafted 
chains at a cylindrical interface immersed in a melt. With 
increasing radius of curvature an exclusion zone with an 
increasing height appears next to the surface. Free chain 
ends are excluded from this zone. 

For the cases of spherical interfaces and brushes with 
solvent, equations were given that still need to be solved 
(numerically). Ball et al. anticipate that under these 
conditions the distribution of free ends will remain 
qualitatively the same. 
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further approximations are needed. For example, we need 
not assume that the polymer segment potential is pro- 
portional to the local segment density (as must be done 
in the numerical procedure of ref 23). Also any solvent 
quality can be chosen. In the next section we will go into 
further details concerning the lattice model. In section 6 
we will show results of this model and (where possible) 
compare them with predictions from one of the models 
mentioned above. First we shall, however, introduce two 
analytical models in sections 3 and 4 to describe brushes 
in good and €)-solvents at curved surfaces. In section 6 we 
will also see under what conditions these models are valid 
by comparing them with the lattice model calculations. In 
doing so, we wi l l  focus our attention on spherical brushes 
in athermal solvents. 

Figure 1. (a) Polymer chains that are end-attached to a curved 
surface with radius of curvature R form a brush of height H. The 
distance to the center of the sphere or cylinder is r,  and z denotes 
the distance to the surface. (b) For intermediate values of R the 
polymer brush can be divided into two parte. From z = 0 to z 
= zo all chains are stretched equally. Segment Nl of every chain 
is situated at a distance zo from the surface. The remaining Nz 
= N - NI segments are subject to a parabolic potential profile 
intheregionz=zotoz =Ha 

Simulations of star-shaped polymers using a molecular 
dynamics method21 do indeed suggest that in a spherical 
geometry the dead zone exista for brushes in a good solvent. 
However, simulations of chains grafted to a cylindrical 
surface in a good solvent12 do not show this dead zone, 
except for R - 0 (i.e., the cylinder is reduced to a single 
line). The molecular dynamics simulations of ref 21 
c o d i  the scaling prediction of eq 1 for d = 3. 

Recently, Dan and Tirrelll3 have applied the Edwards 
diffusion equation approach22 to end-attached polymer 
chains. They extended the numerical procedure by Dolan 
and Edwards23 for grafted chains at a flat surface to 
cylindrical and spherical surfaces. Especially for cylin- 
drical surfaces the scaling predictions agree badly with 
their resulta. Dan and Tirrell, who are investigating 
brushes in a good solvent, do find dead zones near the 
surface which agree fairly well with the predictions of Ball 
et ai. for brushes in a melt. 

In this paper we present results from SCF lattice 
calculations on end-grafted chains at cylindrical and 
spherical surfaces in the presence of solvents of various 
qualitites (very bad to very good). The model we use is 
an extension of the polymer adsorption theory of 
Scheutjens and Flee+*2s for curved geometries, which in 
ita basic assumptions is very similar to the diffusion 
equation approach. However, within the approximation 
of using a mean-field lattice model, all properties of the 
system under consideration can be calcylated exactly. No 

2. Self-consistent Field Lattice Model 

In the polymer adsorption theory of Scheutjens and 
Flee+*% the equilibrium distribution of a polymer-solvent 
system at an interface is calculated by taking into account 
all possible conformations, each weighted by its Boltzmann 
probability factor. Cosgrove et aL3 and Hirz26 showed 
that this method can be applied to terminally attached 
chains by restricting the allowed conformations to those 
whose fmt segment is in the layer adjacent to the surface. 
In a previous pape1.2' we described this modified procedure 
and used it to calculate characteristics of polymer brushes 
on flat surfaces. The basic principles of the model can 
also be applied in a lattice with a curved geometry, as was 
first demonstrated by Leermakers and Scheutjens,% who 
used such a lattice to study lipid vesicles and surfactant 
micelles. In this section we shall briefly review the relevant 
geometrical aspects of their approach. 

The differences between a curved and a planar lattice 
are that the number of sites in a layer increases on moving 
away from the center of the lattice and that the lattice 
transition parameters h, XO, and A+ are layer dependent. 
A lattice site in layer r has neighboring sites in layers r - 
1, r, and r + 1. A fraction h of these neighboring sites are 
in layer r - 1, a fraction XO are in layer r, and a fraction 
A+ are in layer r + 1. We number the layers r = 1,2,3, ... 
starting from the center of the sphere or cylinder. Applying 
the condition that all layers are equidistant, one finds 
that the volume V ( r ) ,  expressed in number of lattice sites, 
enclosed by layer r equals: 

where d = 3 for a spherical and d = 2 for a cylindrical 
lattice (and d = 1 for a flat lattice). This volume is def ied 
per surface area for d = 1, per length unit for d = 2, and 
per sphere for d = 3. The numerical constant c d  has the 
values C1= 1, C2 = 27r, and C3 = 4u. The number of lattice 
sites in layer r is given by L(r) = V ( r )  - V(r  - l), or 

(3) 

Differentiating V ( r )  with respect to r gives the surface 
area S(r) of layer r: 

Cd Ld(r) = -((r)d - ( r  - d 

sd(r) = cd(r)d-l (4) 
The transition factors h ( r )  and A+@) are proportional to 
the surface area per site in contact with the adjacent layer, 
so that, 
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sphere for the spherical geometry (d = 3). The local chain 
stretching at distance z from the surface is given by ds/dz, 
and f d  = uSd(R) is the number of chains. In distinction 
to the previous section the distance z to the surface is now 
a continuous variable. Because of the equal stretching of 
all chains 

where A+1 and hl are the values of the transition factors 
for the equivalent planar lattice. In all calculations 
presented in this paper we have used a cubic lattice, for 
which X + 1 =  hl = ' / e .  In a flat geometry (d = 1) the cubic 
lattice gives an equal a priori probability to a bond between 
two segments in any of the four directions parallel to the 
surface as well as to a bond toward the surface or away 
from the surface. This is in accordance with the underlying 
physical model of refs 4 and 6. We emphasize an important 
consequence of our definition of the transition probabil- 
ities. It follows from eqs 3 and 5 that 

A-d(r)Ld(r) = A + d ( r  - 1)Ld(r - 1) (6 )  
which means that the condition is satisfied that the 
statistical weight of a polymer conformation does not 
depend upon the chain end at which we start to evaluate 
this quantity. 

When studying polymer grafted at a solid-liquid in- 
terface with a radius of curvature R, we must exclude the 
layers r = 1, 2, 3, ... R from our system. We number our 
layers z = 1, 2, 3 ,... starting from layer r = R + 1 (2 = l), 
which is adjacent to the solid-liquid interface (see also 
Figure 1). The actual calculation of the equilibrium 
distribution of a polymer-solvent system now takes places 
completely analogously to the procedure described in ref 
27. Only the transition parameters of eq 2 of this reference 
must be replaced by the appropriate expressions from our 
eq 5, and the denominator of eq 6 in ref 27 becomes 
CzL(z)G(z,Nj. Of course the procedure described above 
can not only be used to compute systems with end-grafted 
polymer but also for polymer adsorption from solution. In 
a future publication we intend to present results thus found 
for homo- and block copolymer adsorption on spherical 
colloidal particles. 
As described in ref 27 a numerical iteration scheme is 

applied to find the self-consistent volume fraction profile 
of the polymer. Due to mathematical complexity, the 
equations cannot be solved exactly using analytical meth- 
ods. In the next section we will discuss less-exact SCF 
approaches to our system of curved brushes, which enable 
us to find analytical approximations for the volume fraction 
profile. 

3. Analytical SCF Model 
Large Curvature. We will start by considering poly- 

mer chains that are end-attached to a spherical interface 
with a small radius of curvature (i.e. brushes with a large 
curvature). We make the simplifying approximation that 
the free ends of all chains are situated at the same distance 
H from the surface. The elastic chain-stretching contri- 
bution to the free energy of the system for an arbitrary 
geometry (planar, cylindrical, or spherical) can then be 
written as 

and is defined per surface area in the planar case (d = 11, 
per length unit in the cylindrical case (d = 2), and per 

The contribution to the free energy of the system due to 
the mixing of grafted chains and solvent molecules can be 
written as a virial expansion, 

Ami= = JHdz ( u ~ ~ ( z )  + wdJ3(z))Sd(z + R )  (8) 

where u and w are the second and third virial coefficients 
(within Flory theory u = 0.5 - x and w = ' / 6 ) .  The free 
energy functional A,i + Ami= must be minimized under the 
constraint 

For a given height H this leads to the equation 
Rd-2 2 

= 4u4(z) + 2 w 4 ~ ~ ( 2 )  + A (10) 
U 

(z  + R)2d-2 c $ ~ ( z )  3 
where A is an undetermined Lagrangian multiplier. 
Solving dJ(z) from this equation and substituting it into eq 
9 one can find A. Minimization of the total free energy 
A,1 + Ami, with respect to H gives the volume fraction 
profile for given values of R and u. Under good solvent 
conditions and for large curvatures, the two last terms in 
eq 10 may be neglected, so that29 

Substituting this expression into eq 9 we find the following 
scaling law for the layer height: 

H - (N3Rd-luU)l/(d+2) (12) 
In a 0-solvent (u = 0), omitting the first and last terms on 
the right hand side of eq 10 leads to 

We conclude that in a spherical convex brush d(z) scales 
as ( z  + in a good solvent, and 9(z )  - (z  + R)-1 in 
a 0-solvent. In a cylindrical brush &(z) - (z + R)-2/s in 
a good solvent, and Q(z )  - (z  + R W 2  in a 8-solvent. This 
is in agreement with eq 1. In bad solvents $(z )  - zo for 
all three geometries. In a bad solvent (u < 0) the left-hand 
side of eq 10 can be neglected, so that 

The value A = u2/6w obtained from the minimization of 
A- with respect to H under constraint 9 gives a well- 
known result for a collapsed globule. 

Small Curvature. We wil l  now discuss the opposite 
case of small curvature ( R  is large). We limit ourselves to 
good solvents and spherical surfaces. Other geometries 
and solvent qualities can be described along similar lines. 
Of course, for infinitely large radii of curvature the polymer 
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brush is described by a parabolic potential profiie, which 
in a good solvent leads to a brush height HO given by the 
equation, 

Polymer Brushes at Curved Surfaces 7217 

Ho = (:) 1/3aNv1/3(a2u)1/3 (16) 

where N is the degree of polymerization, a the segment 
diameter, v the second virial coefficient, and u the grafting 
density. Following Liatskaya et aL30 and Milner et ~ 1 . ~ 3 ~  
we assume that for low curvatures it is still a good 
approximation to describe the polymer brush by a par- 
abolic potential profile. The brush height H wi l l  then 
depend upon the relative curvature, w-l, which we define 
as the ratio of the flat brush height and the radius of 
curvature of the surface, w = RIHo. In a good solvent this 
height H at a spherical surface is given by the equation 

The corresponding volume fraction profile is 

b(z) = -( 3uNa3 -) H 2 ( 1  - (i)2) (18) 
Ho Ho 

and the distribution function of free ends: 

This result was previously derived by Liatskaya et  aL30 
The approximations made in this model turn up when one 
examines the functiong(z). For low values of z it becomes 
negative. Of course a probability smaller than zero has no 
physical meaning. It is possible to interpret the zone where 
g(z) I 0 as an area where no end segments are located. We 
define Ap as the size of this "dead zone", so that g(Ap) = 
0. The value of Ap (where the subscript p stands for 
parabolic) depends on the curvature of the surface. Figure 
2a shows the relative thickness of the dead zone, AplH, as 
a function of RIH. The maximum relative value for the 
dead zone is reached in the limit RIH -, 0, when Ap = H / 2 .  
When RIH << 1 the layer height scales as R2/5N3/5u115, so 
that the absolute value of the dead zone (Ap  - H - R2l5) 
increases with R and passes through a maximum at RIH 
= 1, as can be seen in Figure 2b. For small curvatures 
(RIH >> 1) Ap decays exponentially with R.  

Intermediate Curvatures. For intermediate radii of 
curvature we make the approximation that the volume 
fraction profde is a combination of the two previously 
discussed profiles. Up to a distance zo from the surface 
(see Figure lb) all chains are stretched equally. Per chain 
there are N1 segments in this part of the brush. The other 
NZ segments are situated in a parabolic potential profile 
and can be thought of as being grafted to an imaginary 
radial surface with radius R + ZO. For a spherical layer in 
a good solvent this leads to the following overall profile: 

O e 4  t \ 

0.2 

0.1 

0 2 3 R/H5 4 

0 '  I 

0 1 2 0 3  
Figure 2. (a) The behavior of the dead zone for free ends in the 
parabolic potential approximation. 4 H  is given 88 a function 
of R/H ( A  dead zone size, H: layer height, R: radius). Note that 
H itself depends on R for a given chain length. (b) The ratio of 
dead zone length, A, and flat brush height, Ho, is given 88 a function 
of the relative radius of curvature, w. 

(20) 
where f = f 3  is the number of chains per sphere (f = 4u?rR2). 
The values of N I ,  N2, H ,  and zo follow from the three 
conditions: 

(1 )  continuity of the profile at z = 20: 

2a6/3N2vllsf1/3 
H =  (21) 31/3a4/3(R + z0)2/3 

(2 )  conservation of segments in the inner layer: 

f ~ ~ a ~  = s,"" fp14r(R + z12dz - 
(3)  conservation of segments in the outer layer: 

fN2a3 = c H f p ( z ) 4 r ( R  + z ) ~ &  * 

Rearranging these equations and introducing u = zolR, 
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Figure 3. Effect of radius of curvature and chain length on the segment distribution in spherical and cylindrical geometries. (a and 
b) Chain length N = 100; (0) R = 1, (+) R = 10, (e) R = 100, (0) R = a. (c and d) R = 10; (A) N = 100, (u) N = 150, (0) N = 200. 
(a and c) Spherical geometry; (b and d) cylindrical geometry. In all cases x = -0.5. 

one can write, 

where the constant c is defined by 

We now define a critical relative curvature, Wcr, so that 
for w > wer the potential profile is parabolic, whereas for 
w < wcr the volume fraction profile is a combination of 
both models. For w < Wcr there is a zone A = zo + Ap where 
no end segments are located. For a spherical brush wcr = 
0.563. 

For a cylindrical layer in a good solvent the similar 
procedure gives wcr = (4/3~) ' /~(2n - 8/3)-' = 0.207. For 
a cylindrical brush a parabolic potential profile may be 
assumed over a wider range of curvatures than for a 
spherical brush. The combined profiles for 8- and bad 
solvents in spherical and cylindrical geometries can be 
found in the same manner. 

4. Results 
Theeffects of surface curvature and chain length on the 

volume fraction profiles of brushes at  spherical and 
cylindrical surfaces is shown in Figure 3. Here a very good 
solvent has been used ( x  = -0.3, which gives slightly more 
extended brushes than an athermal solvent. Parts a and 
b are drawn for a (relatively) short chain length of 100 
segmenta. For low curvatures the profile has a large 
resemblance with the profile of a brush on a flat surface 
(R = a), which is also drawn for comparison. Upon 
increasing the curvature, the shape of a growing part of 
the profile becomes convex. The same trend can be seen 
in parts c and d, where curves are drawn for different 

chain lengths but with the same radius of curvature. 
Increasing the chain length has a similar effect on the 
shape of the profiles ae decreasing the radius of curvature. 
The parameters in Figure 3 are the same as those in Figures 
2 and 3 of Dan and Tirrell's paper,13 which were calculated 
with an excluded volume parameter u = 1. The shape of 
our profiles is very similar to theirs. However, Dan and 
Tirrell consistently predict layers that are slightly more 
strongly stretched and consequently slightly less dense. 
For example, for a spherical interface with R = 100 and 
N = 100, they calculate a brush height that is approxi- 
mately 10% larger than ours. Probably this is due to the 
way solvent-segment interactions are taken account of by 
the excluded volume parameter. As stated above, all our 
calculations were done using a cubic lattice. For a flat 
interface this lattice gives exact correspondence.with the 
SCF theory of Zhulina et al. and Milner et al. in the limit 
of infinite chain length.27 

Figure 4 gives the brush thickness as a function of 
polymer chain length under various conditions. This 
thickness has been calculated in two different ways. First, 
we have defined an average brush height Ha" in a similar 
fashion as in ref 13, 

which is basically a second moment of the volume fraction 
profile. Secondly, we have calculated the hydrodynamic 
layer thickness, Hhy, using the theory of Cohen Stuart et 
aZ.,32 taking the hydrodynamic constant CH = 1. To apply 
this theory to curved surfaces we assume that all solvent 
flow takes place concentrically with respect to the surface 
(the flow has no component in a direction perpendicular 
to the surface). For low Reynolds numbers this aeem a 
reasonable approximation for many practical systems. 
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Figure 4. Brush thickness as a function of chain length in an athermal solvent. The brush thickness has both been expressed as the 
average segment height and as the hydrodynamic thickness (see text). Parameters: (a and c) spherical geometry; (b and d) cylindrical 
geometry; (a and b) u = 0.1; (c and d) u = 0.005. Symbols: (0) R = 1; (A) R = 10; (m) R = m. Open symbols are hydrodynamic heights; 
fied-in symbols are average heights. 

(Both Hav and Hhy give smaller values than the brush height 
H as defied in for example ref 17.) When the grafting 
density is high (u  = 0.1) we find very good agreement with 
the scaling law Hav - N for a flat surface, and for a spherical 
surface with R = 1 (star-shaped polymer) we find equally 
good agreement with the scaling law Hav - W**. For 
cylindrical surfaces the expected scaling behavior Hav - 

is found for R = 1. When u = 0.005 increasing 
deviations occur from these power laws, which for flat 
surfaces are caused by the “foot of the parabolic profie”.n733 
The hydrodynamic thicknesses agree less well with the 
predicted power law. Experimentally the hydrodynamic 
thickness may, however, be the most easily accessible 
parameter for defining brush thicknesses in these systems. 

In Figure 5 lattice volume fraction profies (full curves) 
are given for N = 500 in a spherical geometry with u = 0.1 
and u = 0.006 (a = 0.1 is a very high grafting density, 
which won’t easily be reached by adsorbing block copol- 
ymers, but which may be a good value for modeling a star 
polymer (when R = 1); u = 0.005 is a more reasonable 
value for the grafting density on sterically stabilized 
colloidal particles). The dashed curves have been calcu- 
lated with the equations of section 3. The curves for R = 
500 and R = 100 (when w > urn) are given by the parabolic 
potential profie approximation. For smaller values of R 
(when w < wm) the “combined model” gives a reasonably 
good fit with the lattice calculations. The dashed curves 
for u = 0.005 and R = 5, and R = 1 follow directly from 
eq 11. For these small values of R the “fiied chain ends” 
model agrees best with the lattice calculations. 

Figure 6 show how the solvent quality influences the 
polymer brushes. As is the case with flat brushes, a worse 
solvent gives a more compact grafted layer. For x = 1 the 
volume fraction profie is well approximated by a step 
profile, irrespective of the interface. curvature, in agreement 
with eq 14 (of course, the height of the brush does depend 
on the curvature). When the curvature is not too large (I2 

= 100 in Figure 6a) a brush can still be reasonably well 
described by the parabolic potential profile approximation 
applied in a 8-solvent. For R = 1 the exponent of the 
initial decay of the profie gradually changes from 4/3 to 
1 when the solvency changes from x = 0 to x = 0.5. 

Figure 7 gives the exact distribution functions of free 
chain ends of the polymer chains. The function g(z/Hav) 
is drawn, where Hav is given by eq 26 and g(z) = 
#(ZmLd(Z)/ULd(l) with #(zm thevolume fraction profile 
of the end segments. Figure 7 illustrates the existence of 
a dead zone in both the spherical and cylindrical geom- 
etries. Of course the probability that an end segment is 
located in this zone is not absolutely zero, but very small. 
As long as u < 1, a polymer chain conformation with an 
end segment bending back to the surface will have a finite 
probability. This makes it difficult to speak about the 
absolute size of the dead zone within our lattice SCF model. 
One can only use an arbitrary definition for the dead zone, 
for example the area where g(z)  is smaller than 5 96 of its 
maximum value.13 Some conclusions concerning the 
behavior of this zone can be drawn from Figure 7. When 
the radius of curvature is small, an increase in R leads to 
a larger dead zone, both in absolute terms (which is partly 
caused by an increase in the layer height) and in relative 
terms (as a fraction of the layer height, which can, for 
example, be expressed by Ha”). Increasing R even farther 
at a certain point leads to a decrease of the dead zone size 
and eventually results in its total disappearance. These 
trends are clearly seen in parta a and c of Figure 7 where 
the grafting density is high (u  = 0.1). For the far lower 
graftii density of 0.005, which in many practical systems 
may still be a very realistic value, the dead zone is 
significantly smaller. 

The behavior of the dead zone size as a function of 
surface curvature is at least qualitatively in agreement 
with eq 19 (parabolic potential profile) and with the 
combined model. In Figure 8 the chain end distribution 
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Figure 5. Volume fraction profdes for a spherical surface; N = M)o; (a) u = 0.1, R = a, R = 500, R = 100, and R = 25; (b) Q = 0.1, 
R = 25, R = 10, R = 5, andR = 1; (c) u =0.005, R = 0, R = 600, R = 100,andR 25; (d) u = 0.006, R = 25,R = 10, R = 5, and R 
= 1. In all cases x = 0. The full m e a  are lattice calculations. For R = 500 and R = 100, the dashed curvm are the ‘parabolic potential 
profile” approximation. In d the dashed curvexi for R = 1 and R = 5 follow from the ‘fued chain ends” modeL All other dashed curves 
were calculated aacording to the combined model. 

g is given as a function of z as calculated from the lattice 
model (full curves), and the parabolic potential model and 
the combined model (dashed curves) for grafting densities 
of 0.1 and 0.005. There is a fair correspondence between 
the lattice calculations and the predictions of section 3. 
In the parabolic potential model the negative values of g 
for small z must be compensated by too large values of g 
elsewhere. This is the main reason for the differences 
found around the maximum of g(z). Nevertheless, for all 
sets of parametens the analytical equations correctly 
predict the location of this maximum. The lattice cal- 
culations do consistently show a smaller dead zone and an 
appreciably wider distribution of free end segmenta at the 
tip of the brush. These segments are located in the “foot” 
of the parabolic profile. Eapecially for smaller values of 
R the differenam b e e n  the two curves become signif- 
icant. For very smaU R the end segments certainly do not 
all tend to be concentrated in a narrow zone (although the 
overall volume fraction profile, as seen above, does tend 
to the -4/3 power law of the “fiied chain end” model). 
Overall, the approximate analytical equations give a 
reasonable prediction of the dead zone size. 

Figure 9 explores a possible scaling behavior of the free 
end distribution. Both in the limit of small particle radius 
and for brushes under parabolic potential conditions the 
brush height scales as 

H ( u p R d - l ) l / ( d + 2 )  

This suggests that the free end segments and the dead 
zone size may have a similar scaling dependence. Figures 
9a-c show the end segment distribution function g in a 
spherical geometry as a function of Z / ( W / ~ R ~ / ~ U ~ ~ ~ ) .  If 
the scaling law A - WfsR2/6a1/6 were correct, all curves 
should become 0 a t  the same value of Z / ( W / ~ R ~ / ~ U ~ / ~ ) .  

This is not the case. A better approximation would be to 
assume that the dead zone is equal to the first part zo of 
the combined model. From eqs 21-23 one can then derive 
that 

ELS 0.509 for w - 0 if d = 3 

=O0.224foro-,0 i f d = 2  (27) 

where the constant c is given by eq 25. In the legends of 
Figure 9 the values of A/(WRd - l t ~ ) l / ( ~ + ~ )  are also given as 
calculated from this equation. For short chain lengths 
(e.g., R = 5, N = 200, u = 0.1; see Figure 9c) and for very 
low grafting densities (e.g., R = 5, N = 1O00, a 3: 0.006; see 
Figure 9b) deviations start to occur from eq 27 which are 
caused by the fact that the chains are not strongly stretched 
for these parameters. We do indeed see that for small 
values of w (e.g. for R = 5, N = 1O00, and a = 0.1 we have 
w = 0.016) the dead zone size approaches the value given 
by eq 27 for w - 0. Of course one must realize that the 
exact lattice calculations also take “fluctuations” into 
account which allow a fiiite number of conformations to 
have their end-segments bend back to the power-law part 
of the volume fraction profile. This is analogow to the 
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Figure 7. Free chain end dietribution functions, g, as a function of the reduced distance to the surface, zlH.,, for various radii of 
curvature as indicated, (a and b) spherical geometry; (c and d) cylindrical geometry; (a and c) u = 0.1; (b and d) u = 0.005. Further 
parameters: N = 1ooO; x = 0. 
‘foot” that occurs in the volume fraction profile at the tip hand eq 27 of course neglects the existence of a dead zone 
of the brush and explains why the curves do not show a Ap in the parabolic potential part of the profile. For (R 
sharply defined border of the dead zone. On the other = 100, N = 1O00, u = 0.1; Figure 9a) one sees that the dead 
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Figure 8. Free chain end distribution functions, g, as a function of z in a spherical geometry for u = 0.1 (a-d) and u = 0.006 (e-h). 
The full curves are lattice calculations, the dashed curves are the analytical equationa (the parabolic potential profile model was used 
for a, e, f, and g, and the combined model was used for b, c, d, and h). Further parameters: N = 1OOO; x = 0. 

zone is significantly larger than the value predicted by eq 
27. In this case the contribution of A, to the total dead 
zone A becomes apparent. Figure 9 also shows that when 
N and u are changed the location of the maximum of the 

under the curves does change but this is because we have 
defined Jg(z)dz = 1. If the curves in Figures 9b and 9c 
are normalized so that 

S g ( z / ( ~ ~ 3 ~ d - 1 ) 1 i ( d + 2 )  d ( z / ( u ~ 3 ~ d - 1 ) 1 1 ( d + 2 ) )  = 1 

is, however, not the case for the curves in Figure 9a. 
Increasing the particle radius shifts the maximum in g to 
lower values of z/(uWRd-l)W+2).  

Figures 9d,e show the same curves as 9a-c for a cylin- 

predicted by eq 27. This is caused by the contribution of 
A, to the total dead zone A. The general shape of the 
curves shows the same behavior as in the spherical geom- 
etry. The values of A are smaller than those for the spher- 
ical surfaces, but the dependence of A upon N, R, and u 
is very similar to that found in parts a-c of Figure 9. 

function g(z/(uWRd-')1'cd+2) hardly changes. The area hical surface, Most dead are larger 

all curves virtually collapse onto a master curve. This 
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WJR415a11b for a spherical surface, and A - IW4R1W/4 for a cylindrical eurface. Parameters: R, N, and u as indicated in the figure; 
x = 0. In the legends the numerical values of eq 27 are also given for the indicated set of parameters. 

The effect of solvent quality on the free chain end 
distribution is demonstrated in Figure 10. For solvents 
varying from good (athermall to very bad, ( x  = 1) g(z/Hav) 
has been drawn for a brush on a spherical surface with a 
high grafting density (a = 0.1). Decreasing the solvent 
quality leads to a collapse of the polymer layer as was seen 
in Figure 7. However, the distribution of chain ends 
changes relatively little. Of course the area in which the 
end segments are located becomes smaller, as the layer 
height itself becomes smaller, and so the size of the dead 
zone decreases. The relative size of the dead zone also 
decreases slightly (as seen from the curve of g versus the 
reduced distance to the surface, z/Hav), but this turns out 
to be a minor effect. 

5. Discussion and Conclusions 
In this paper we have shown that the lattice model of 

the Scheutjens and Fleer theory can be usefully extended 
to study polymer brushes at spherical and cylindrical 

0.1 [ I 1 
g 

0.075 

0.05 

0.025 

0 
2 

2%" 
0 0.5 1 1.5 

Figure 10. The influence of solvent quality on the chain end 
distribution. Parameters: R = 25, N = 500, u = 0.1, spherical 
geometry, x = 0,0.5,0.7, 1. 

interfaces. The efficient method this theory uses to 
generate chain conformations makes it possible to study 
the characteristics of polymer brushes over a wide range 
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of chain lengths (e.g. for far longer chain lengths than is 
at present possible using simulation techniques). We again 
emphasize that this theory gives exact solutions within 
the mean-field theory, in which only nearest-neighbor 
interactions are accounted for. This makes it an obvious 
reference point with which to compare approximate 
analytical SCF descriptions of polymer brushes. We first 
compared volume fraction profiles with those calculated 
by Dan and Tirrell.13 We found good agreement between 
both models. This is not surprising as both our approaches 
are based on a very similar physical model. 

We have concentrated ourselves on analyzing the volume 
fraction profiles of brushes at spherical surfaces immersed 
in an athermal, low molecular weight solvent. For small 
curvatures the parabolic potential profile model agrees 
very well with the more accurate lattice calculations. The 
differences between both descriptions can be largely 
explained by the fact that the analytical model only takes 
into account pair interactions between segments. For flat 
surfaces, differences of the same order of magnitude appear 
in the volume fraction profile when higher terms are 
neglected in the mixing free energy of polymer and solvent. 
Similarly, the distribution of free end segments is roughly 
the same in both models. 

For decreasing radii of curvature, the spurious effect of 
negative values of g(z) for low z becomes more prominent. 
As Jg(z )dz  = 1 this leads to too high values of g(z) outaide 
the dead zone. Furthermore, the lattice calculations 
predict a finite volume fraction of free chain ends beyond 
the “classical” chain height. This “foot” of the volume 
fraction profile can be explained completely analogously 
to that at the flat i n t e r f a ~ e . ~ ~ ? ~ ~  Increasing the curvature 
leads to the appearance of a power law-like part in the 
volume fraction profile. 

The “combined model” that we introduced gives a 
reasonable description of the volume fraction profile by 
dividing it into two parts. The distribution of free ends 
in this model is too narrow, but the position of the 
maximum of this distribution is the same as in the lattice 
model. For very small particles the lattice model certainly 
does not indicate that all chain ends are situated at the 
same height above the surface. The total volume fraction 
profile for such particles does, however, tend to the scaling 
law 4 - 
Our lattice calculations show very clear indications of 

the presence of a dead zone both near spherical and 
cylindrical interfaces. This is in contradiction with the 
molecular dynamics resulta of Murat and Grest,12 who 
found no evidence for the existence of a dead zone near 
a cylindrical surface for any finite radius of curvature. A 
quantitative comparison of our results with those of Ball 
et aZ.ll is not possible, as they solved their SCF equations 
for a system that we have not considered in this paper, 
namely a cylindrical brush under melt conditions. Our 
calculations do, however, suggest that the dead zone size 
is not a simple monotonic function of the radius. We have 
tried to explain the radius dependency of the dead zone 
size in terms of the “combined model” for the volume 
fraction profile. We hope that our data and this tentative 
interpretation will encourage further work aimed at better 
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understanding of this dead zone behavior. 
In conclusion: we have showed that upon decreasing 

the solvent quality the grafted layer collapses and forms 
a steplike profile, irrespective of the curvature. A decrease 
in solvent quality also leads to a decrease in the dead zone 
size, but, even for a (far) worse solvent than a 8-solvent, 
a dead zone can still exist. 
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